In this article, we characterize the surjective isometric composition operator C on the weighted Dirichlet-type spaces of the unit disk D , where is an analytic selfmap of D , and show that C is a surjective isometry if and only if is a rotation map.
Introduction
The Lebesgue area measure on the unit disk D in the complex plane is defined by dA 
It is not a true norm for 0 <p < 1, but it satisfies
where the constant C p depends only on p. We write D p = D For u ∈ H(D) and ϕ ∈ S(D), the composition operator C induced by is defined
; the multiplication operator M u induced by u is defined by M u f(z) = u(z)f(z); and the weighted composition operator W u, induced by and u is defined by (W u, f)(z) = u(z)f((z)) for z Ω and f H(Ω). If we let u ≡ 1, then 
An operator T on a normed space X is said to be an isometric operator if ||Tf|| X = || f|| X , for any f X.
The isometric composition operator on analytic functions spaces has been studied by many authors. In [3] The isometric composition operators on the Bloch spaces in the unit disk were discussed by Martín and Vukotić [7] , Colonna [8] , Allen and Colonna [9, 10] , Li and Zhou [11] . The same problems were studied on the Bloch spaces in the unit polydisk by Cohen and Colonna [12] , in unit ball by Li [13] , and Li and Ruan [14] . For the BMOA space, see [15] . In [16] , Martín and Vukotić also studied the isometric composition operators on the classical Dirichlet spaces in the unit disk. They obtained that C is an isometric operator if and only if is a univalent map of the unit disk such that The present article continues this line of research and discusses the isometric composition operators on the weighted Dirichlet-type space in the unit disk.
Main results
Our proofs will depend upon a characterization of the linear isometries of weighted Bergman spaces due to Kolaski [4] . Although not stated by Kolaski explicitly, the following result is a direct consequence of Theorems 1 and 4 in [4] , which are much more general results than we will need here.
Theorem 2.1. Let 0 <p < ∞, p ≠ 2, and a > -1. Then every linear isometry Proof. Since the composition operator induced by a rotation is clearly an isometry, it suffices to show that if C is a surjective isometry, then is a rotation.
Suppose that C is a surjective isometric composition operator. Let n be a positive integer and t be a real number. We define the function p n (z) = z n for all z ∈ D. The weighted Dirichlet-type space contains the polynomials and thus 1 + tp n ∈ D p α for every real number t and positive integer n.
Using the definition of norm of D p α and that C is an isometry, we have
A simple application of the triangle inequality for the norms shows that
and
Consequently,
In particular, for n = 1, we get |1 + t(0)| = 1 + |t||(0)| which implies, since t is an arbitrary real number, that (0) = 0. 
Since is an automorphism of D and (0) = 0, it follows that (z) = lz, where |l| = 1, that is is a rotation.
From the proof of the above theorem, it is easy to see that if C is an isometry on Clearly, if both C and M u are isometries, then W u, is an isometry, the following theorem will show that the converse is also true. is not a differentiable function of t at t = 0. However, in the terminology of [19] , the for every z ∈ D. So (W u, 1)' ≡ 0, which implies that u = W u, 1 is a constant.
